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ABSTRACT

A joint Time-Frequency analysis of the response of electroacoustic systems has been long sought since the advent
of PC based measurement systems. While there are several available tools to inspect the Time-Frequency response,
when it comes to inspect resonant phenomena, there are always issues with Time-Frequency resolution. With a
rather simple variable substitution in the Wavelet Analysis it is possible to switch one of the analysis axes from
Time to Cycles. With this new Cycle-Frequency distribution it is then possible to analyze very easily resonances
and decays. A PC based measurement tool capable of Cycle-Frequency analysis will be introduced.

1 Introduction

There is a wide range of applications where an elec-
troacoustic system fulfill the properties of a linear and
time-invariant system LTI. In those cases the system
can be fully characterized by its impulse response IR
h(t) and its counterpart in the Fourier domain: the
complex Frequency Response H( jω).

The impulse response of an electroacoustic two-port
system can be measured easily using personal computer
based measurement instruments. The industry standard
method to measure the IR of an electroacoustic system

is typically the deconvolution method using sinusoidal
sine sweep stimuli [1].

As a result of the measurement, there are several quan-
tities that are usually computed and plotted in graphical
form: impulse response amplitude as a real function
of time, magnitude of the frequency response in dB
and phase of the frequency response, both as a func-
tion of frequency. Each representation can be used to
investigate the system response in respect to a specific
target.

There are cases where the impulse response or the com-
plex frequency response, which are simply ortogonal
views of the same entity from a Fourier perspective,
are not easily manageable. Typical examples are the
analysis of transient phenomena, such as resonances,
or time alignment of multiple way loudspeaker systems
where both impulse response and complex frequency
response (albeit both complete description of the sys-
tem behavior) make it difficult to interpret the above
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Fig. 1: Impulse Response, magnitude and phase of
Complex Frequency Response of a two way
loudspeaker measured on-axis at 50 cm from
front baffle.

phenomena. In these cases there is need for a combined
time-frequency view.

The development of Time-Frequency representations
can be traced back to the introduction of the first PC
based measurement systems [2] [3]. Due to low com-
putational complexity, one of the first tools introduced
was the Cumulative Spectral Decay CSD and the Short
Time FFT analysis1. Both CSD and STFT have lim-
itations in the time-frequency domain, primarily due
to the fact that they are based on a FFT transform of a
portion of the IR. This led to the research of different
Time-Frequency tools such as Wavelet Analysis avoid

1CSD is also referred to as a Waterfall plot due to its graphical
representation as set of magnitude frequency responses on a three
dimensional plot, but a waterfall-like representation can also be
adopted for other analyses. The STFT is usually called a Spectrogram
after its graphical representation as a color map, but again color map
plots can be used also for other analyses.

the shortcomings of the CSD and STFT2. The limita-
tions of CSD, STFT and the application of the Wavelet
Analysis to electroacustic systems have been already
covered by the author in a previous paper [4].

An application of particular interest for Time-
Frequency analysis is the evaluation of resonant phe-
nomena in electroacoustic systems. The CSD can
be used in this application, since the frequency com-
ponents which retain sufficient amplitude in the im-
pulse over time are seen as ridges in the waterfall plot.
Wavelet Analysis, thanks to its constant Q, has an opti-
mal resolution for joint Time-Frequency analysis and
is equivalent to burst testing3 [5] for LTI systems. In
Wavelet Analysis the resonances are again shown as
colored blades in the time axis.

In respect to the investigation of resonances, both CSD
and Wavelet Analysis share the limitation that the ap-
parent duration of resonant phenomena is correlated to
the frequency at which the resonance occurs. Neverthe-
less, Wavelet Analysis is still better suited for this kind
of work because of its natural logarithmic frequency
resolution.

It can be also shown that a simple variable change in
the Wavelet Analysis can result in greatly improved
readibility of resonance phenomena in electroacoustic
systems [6].

2 Cycle Frequency Analysis

A cycle c can be defined as a function of time t for a
single sinusoidal component of period T :

c(t) =
t
T

(1)

Being the frequency of sinusoidal component f = 1
T ,

the above equation can be rewritten as:

c(t) = t f (2)

We introduce now the equation of a resonance (un-
damped oscillator) as a function of time in the form of
a exponentially decaying sinusoid:

2In fact one of the first attempts of Time-Frequency analysis
was the Wigner-Ville distribution thanks to its limited computational
complexity. Unfortunately the Wigner-Ville distribution suffers from
the presence of Time-Frequency artifacts that strongly limits its utility
with IR analysis of electroacoustic systems.

3Using gaussian modulated sinusoids.
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Fig. 2: CSD and Wavelet plot of the two-way loud-
speaker system response.

x(t) = e−αtcos(2π fdt +φ) (3)

where α is the factor of the decay, fd is the undamped
oscillation frequency and φ is a phase term that we can
neglect in our analysis. The α term can be expressed
as a function of the resonance Q:

α =
π fd

Q
(4)

By substituting the variable t with the number of cycles
t = c ·Td in the resonance equation we get:

x(cTd) = e−
π fd
Q cTd cos(2π fdcTd) (5)

That can be simplified and becomes independent from
the period of the sinusoid:

x(c) = e−
π
Q ccos(2πc) (6)

It can be seen that in the resonance equation there is no
dependency on time, only on cycles4.

At this point it might seem possible to remap time-
frequency plots to cycles-frequency and get a new
graphical representation expressed in cycles, frequency
and level as axes. While this is true in theory, this is
not very practical for CSD and STFT. CSD and STFT
are calculated with a given finite number of FFT and
this basically means that at high frequency there are not
enough time data points to perform the variable change
without resorting to data interpolation. Alternatively,
Wavelet Analysis has an optimal Time-Frequency dis-
tribution thanks to its constant Q resolution. In fact
Wavelet Analysis can be loosely interpreted as run-
ning the system IR through a bank of zero-phase shift
constant Q bandpass filters and then looking at the en-
ergy decay for each calculated band. This will give us
improved resolution of short-term high frequency reso-
nances that would be hidden with CSD. Furthermore in
the Wavelet Analysis the variable change from time to
cycles can be easily carried out, thanks to the fact that
the output of Wavelet Analysis is already a set of time
responses.

One last problem should be addressed before imple-
menting the variable change from time to cycles; most
electroacoustic systems feature a part of the response
which is a pure delay, i.e., propagation delay in case
of acoustic responses or latency delay in case of DSP
electrical responses. If the transformation from time to
cycles does not take this delay into account, the cycle
scale will become largely unusable as will be shown
later with a simple example. The origin of the time axis
should then included in the transformation:

c(t) =
t − t0

T
(7)

The resulting transformation in cycles can now be eas-
ily represented on a cycle, frequency and level plot.

4Joseph D’Appolito, personal communication, march 2016
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3 Examples

A Cycle-Frequency Wavelet Analysis tool has been
implemented in Audiomatica’s CLIO 12 and CLIO
Pocket measurement systems.

The tool is simple to use and allows the conversion
of Wavelet Analysis results from time to cycles by
selecting a button in the software’s graphical interface.

In order to better understand the advantages of the
Cycle-Wavelet plot it is helpful to consider both single
and multiple resonances as well as the effect of delayed
arrivals.

We begin with the simplest case; a single resonance.
Figure 3 shows a single resonance with Q = 6 and its
Wavelet Cycle-Frequency analysis.
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Fig. 3: Cycle-Wavelet plot of a single Q= 6 resonance.

Figure 4 shows a single resonance with Q = 12 and the
same amplitude.

Figure 5 shows multiple resonances with the same
Q = 12. Unlike standard Time-Frequency plots, Cycle-
Frequency analysis reveals that resonances with the
same Q have the same duration in cycles.

It is important to note that the Wavelet Analysis Q
affects resonance detection since the mother wavelet is
convolved with the IR under analysis. The result of this
is that using a higher value of Q will improve frequency
resolution and better separate single resonances, but it
will also cause an unavoidable loss in time resolution.

Now we will examine how delays and reflections are
represented by Time-Frequency and Cycle-Frequency
Wavelet analysis.
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Fig. 4: Cycle-Wavelet plot of a single Q = 12 reso-
nance.
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Fig. 5: Cycle-Wavelet plot of four Q = 12 resonances.

As introduced in the previous section, Cycle-Wavelet
Analysis should be referenced to time origin t0, which
could be not coincident with the time origin of the
IR acquisition. Figure 6 shows the impulse response
and the Time-Frequency Wavelet Analysis of a perfect
system with the addition of 100 ms delay.

Figure 7 shows the Cycle-Frequency Wavelet Analysis
of the delay with the time origin set to 0 (time of flight
included in the analysis) and to 100 ms (time of flight
removed from the analysis). One can clearly see the
effect of a wrong choice for origin time t0 with the Time
to Cycles conversion in the system response which is
bent in a curve shape. The amount of bending will be
proportional to the amount of time offset between the
origin of the IR acquisition and the impulse arrival.

The impulse response and complex frequency response
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Fig. 6: Impulse response and Time-Frequency Wavelet
Analysis of a perfect system with 100 ms delay.

of a 2 way loudspeaker box, measured on axis at short
distance was shown previously in figure 1.

Resonance peaks are quite evident in the magnitude of
the frequency response.

The CSD and Time-Frequency Wavelet Analysis of this
loudspeaker system were shown in Figure 2.

Resonances are clearly visible in both the CSD and
the Time-Frequency Wavelet Analysis, yet there are
obvious differences between the two views. The CSD
seems to better highlight the decay phenomena being
time asimmetrycal in nature, while the Wavelet Analy-
sis apparently shows the resonances with less detail.

Finally, figure 8 shows the Cycle-Frequency Wavelet
Analysis where we see the resonances clearly detailed
and the duration in cycles of each, providing direct
insight into the Q of each resonance.

It can be seen that some resonances are partly blinded
by bent curves in the color map which are probably
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Fig. 7: Cycle-Frequency Wavelet Analysis of a perfect
system with 100 ms delay, t0 = 0 (top) and
t0 = 100 ms (bottom).

due to diffraction from the box edges. Diffraction as
seen in time domain is simply another type of reflection
and thus are represented by bent curves in the Cycle-
Frequency Wavelet Analysis.

4 Conclusions

A Cycle-Frequency Wavelet Analysis for electroacous-
tic systems has been introduced alongside the estab-
lished techniques of CSD and Time-Frequency Wavelet
Analysis. The features of this kind of analysis have
been investigated in detail.

A tool has been made available in Audiomatica’s CLIO
12 and CLIO Pocket measurement systems.

Cycle-Frequency Wavelet Analysis has great potential
for improved evaluation of loudspeaker system res-
onances. There are some difficulties analyzing real

AES 143rd Convention, New York, NY, USA, 2017 October 18–21
Page 5 of 6



Ponteggia Cycle-Frequency Wavelet Analysis

0

-5

-10

-15

-20

-25

dB

-15 -12 -9.0 -6.0 -3.0 0 3.0 6.0 9.0 12 15 cyc

100

200

500

1k

2k

5k

10k

20k

100

Hz

Audiomatica Srl Time Frequency Analysis - Cycle Wavelet 9-6-2017 12.38.43 PM

Q 3.000 BW 0.333 octaves 

File: 

Fig. 8: Cycle-Wavelet plot of the two way loudspeaker
system.

world measurements due to reflections, such as the ef-
fect of box diffraction and non-coincident arrivals from
multi-way loudspeaker systems. With practice the loud-
speaker designer can learn to recognize resonance and
delay behaviors within the Cycle-Wavelet plot and use
this information to his advantage.
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